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Abstract 

The satisfactory development of Quaternionic Analysis 
has indicated new solutions for physical and mathemati¬ 
cal problems. It is worth mentioning the fact that quater¬ 
nions possess four dimensions, and in this way they may be 
considered as natural elements for the formulation many of 
physical and geometrical problems. The scope of this pa¬ 
per is to show that the cycles of time [T] may be performed 
quaternionic logarithm. 


1 Introduction 

The time analysis has been gronnded thronghont the years [1] shows 
the possibility of a cyclical cosmological time. However, he did not 
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show a standard mathematical foundation for his arguments, nei¬ 
ther, early, outlined possible future developments for this new view 
of the universe. 

Thus, this work is intended to formulate in terms of quaternionic 
logarithms |3] some of the ideas discussed in [1]. In this context 
some important results were already previously addressed in the 
work [2], through exponential functions. However, the aim of this 
work is to show the possibility of approaching the cosmological cy¬ 
cles of time, to logarithmic functions and present that the end, 
whether or not there is an advantage in this approach, taking by 
quaternionic logarithms instead of exponential hypercomplex func¬ 
tion to expand a new view of the universe. 

The approach here will be based on submission of quaternionic 
exponential and logarithmic functions, and then use the latter ap¬ 
proach in the proposed problem on this paper. It is essential to 
emphasize that the space where the study is analyzed in the quater¬ 
nionic space H and the functions are functions of quaternionic vari¬ 
ables taking values q E H. Thus, throughout the text the quater¬ 
nionic exponential function and logarithmic functions will be called 
simply quaternionic exponential function and logarithmic function 

2 The Exponential and Logarithmic Quater¬ 
nionic Functions. 

Seeking for a better support to this work, a dehnition is essential 
for the subsequent understanding. Then follows the dehnition of 
quaternionic function. 

Definition 1. A quaternionic function is a law / : H —)■ H 
that associates to each q = {qi,q 2 ,q 3 , q^) one w = f{q) in the divi¬ 
sion algebra of quaternions, is represented as follows: 


/(?i, 92, 93, 94) = /i(9i, 92, 93, 94) + /2(9 i, 92, 93, 94)* (1) 

+/3(9i, 92, 93, 94)9 + h { qi , 92, 93, q ^ k . 

Considering q E H an quaternionic number given q = qi + q 2 'i + 
qsj + 94 ^, or q = qi + q, as shown in [3]. The exponential function 
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is given by: 


( 2 ) 


= e^^{cos\^ + 

The expression above allows a number of conclusions concerning 
the mentioned function; one of them is that it is Hyper Periodic, 
and this fact is illustrated geometrically by means of a cube which 
edges measure 2ti. The fact that the exponential function belongs 
to this region makes it possible to nominate the region and con¬ 
sidering that the region is critical to the quaternionic exponential 
function region. 

Another important function in the development of the Quaternionic 
Analysis, the quaternionic logarithmic function is implemented [3] . 
Then, it is hrst presented the generalized system of spherical coor¬ 
dinates in four dimensional, as bellow [3]: 

Ui = rcos6icos92Cos9^, 0 < r < oo 


U2 = rcos9icos92sin9z, 0 < 6*3 < 27r 


TT 


M 3 = rcos9isin92, 0 < 92 < — 


M 4 = rsin9i, 0 < 9i < 


TT 


Identifying, in the expression (1): 


e'' = e'?i{cos|^ + 
the value of e'^, is given by: 

sin\^ sin\^ sin\^ 

(P = {cos\^,q2^—,q3^^,qi^—) 

1 ^ 1^ 1^ 

1 ^ sin\^ . sin\^ . sin\^ 
0 = cos\^ + q2^^t + 

m w m 

where replacing ( 2 ) by ( 1 ) there is: 


e'? = e“b 


or 


k. 


(3) 

(4) 

(5) 


Identifying the (4) expression in spherical coordinates we have: 
g? _ e'^i(^cos9icos92Cos93 + cos9icos92sin93i + cos9isin92j+ sin9ik) 
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is logarithm of q will be denoted by Inq and will be the inverse of 
the exponential function. Thus w = Inq, satisfies the relation: 

e^ = q, 

where g 7 ^ 0. Now let w E H indicated hy w = wi + 102 % + w^j + 
W 4 k OT w = {wi,W 2 ,W 3 ,W 4 k) and using the generalized spherical 
coordinates: 


u[ = rcos9icos62Cos63, 0 < r < 00 
u '2 = rcos9icos92sin6z, 0 < 6*3 < 27r 

TT 

Mg = rcos9isin92, 0 < 6*2 < — 

TT 

u'4 = rsin 9 i, 0 < 9 i < —. 

Now w is given by: 


W = u[ + ^2* + Mgj + u'Jv 



w = r(cos 6 'icos 6 * 2 Cos 6*3 + cos9iCos92sin92,i + cos9isin92j + sin9ik) 
where the value r is positive, i.e, r > 0. Thus, 

\u'\ 


where w = u[ + u'. 
However, 



= q 

taking e“i = r. 

u\ = ln\r\ 

and 



( 6 ) 


u' = ln{cos9icos92Cos93 + cos9icos92sin9^i + cos9ism92j + sin9ik) 
but w = ui + u'. 

Therefore, there is an expression for the logarithmic quaternionic 
function. 


w = Inq = /n|r|+/n(cos 6 *icos 6 ' 2 Cos 6 ' 3 +cos 6 'icos 6 * 2 "Sm 6 * 3 i+cos 6 *ism 6 ' 2 j+sm 6 *iA;) 

(7) 
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3 Logarithmic Cycles of the Time. 

The implementation appeared in the previous section suggests that 
the logarithm is used as a way to show the cyclicity of some physical 
quantity. At the present time it will show that is cyclicity happens 
simply considering that q = t + xi + yj + zk, q & H a. function 


i]{q) 

= 9{'t,x,y,z), given by: 



r]{t + ri, X, y, z) = {t + ri) + xi + yj + zk 

(8) 

or 

T](t + ri, x, y, 0) = (t + ri) + u. 

( 9 ) 


Thus, the above function is characterized by its position, given by 
the vector u = (x, y, z) and time, here denoted by t. The function 
can determine the temporal evolution of some physical quantity or 
simply modeling the approach to the problem. 

Now, the function f]{q), in logarithmic form, can be written on using 
(5), u[ = t + ri = ln\r\, and (6), as follows: 

ln[ri{q)] = ln\e^~^'^^\+ln{cos9icos92Cos93+cos9icos92sin93i+cos9isin92j+sin9ik), 

( 10 ) 

or, 

ln[ri{q)] = ln\e^{cos{T)+isin{T)\+ln{cos9iCos92Cos9s+cos9iCos92sin93i+cos9isin92j+sin9ik), 

( 11 ) 

Therefore, considering the quaternionic function of the form: 
r][q^] = [t + {2knT) + {9i + 2kn)i + {92 + 2k7r)j+ {93 + 2kn)k], (12) 
it becomes clear that: 

ln[r]{q)] = ln[7]{q^)]. (13) 

The above results can be summarized in the following theorem: 

Theorem 1. If q,q^ E H are quaternionic numbers of the 
form q = (t, x, y, z) and qip = {t + ri, x, y, z), furthermore ln{ri{q)) 
is the logarithmic quaternionic function, then 

ln[r]{q)] = ln[ri{qp)]. (14) 
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4 Conclusion. 


The Theorem 1 shows the possibility of making the cyclicality in 
the variable r and the spatial variables, which are located here by 
01 , 02 and 03 , and it is possible to resume the initial function. The 
following statements are concerned with what was presented here: 

1. If the function rj representing a physical phenomenon, the 
cyclicality of time allows, since the spatial dimensions occur 
simultaneously, unlike what happens in the case considered 
in [2] where only time was considered cyclical. 

2. The regions of variation of r and the spatial variables repre¬ 
sented here by generalized angles in spherical coordinates can 
be interpreted as the fundamental range —n < t < n and 
the cube edges parallel to the coordinate axes and length 27r 
centered at the origin of the three dimensional system. 

3. The possibility of cyclicity in logarithmic form allows two dis¬ 
joint approaches: one to separate the space and time to an¬ 
other time and space in cyclic variations. 

Therefore, the model presented here can be applied to dependent 
physical models of time and space coordinates and it was shown 
that so there Cycles of the Time is necessary that the time variable 
is of the form t + ri which can be considered a flat composition of 
times so that a one is dependent on of another second the complex 
relationship presented, and more, these remain after one cycle in 
exponential models [2] and logarithmic unchanged and return to 
the starting position. Furthermore, considering the probable con¬ 
nected model variables studied simultaneously and a cycle time will 
result in a cycle of space, both because they are in sync formulation 
present in log cycle time coupled to cycles of space. 
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